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S u m m a r y .  The h e r i t a b i l i t y ,  h~, of  a l i n e a r  c o m b i n a t i o n  of  p h e n o t y p e s ,  I, when d e f i n e d  as  the  r a t i o  of  the  v a r i -  
a n c e  of  t he  g e n e t i c  i n d e x ,  cry,, to t he  v a r i a n c e  of  the  i n d e x ,  ~e r ,  i s  shown to be  d i f f e r e n t  f r o m  the  s q u a r e  of t he  
c o r r e l a t i o n ,  r~z,  b e t w e e n  the  i n d e x  and an a r b i t r a r y  l i n e a r  c o m b i n a t i o n  of  g e n e t i c  e f f e c t s ,  H.  The ga in  in H f r o r  
s e l e c t i o n  on I i s  shown  to be  p r o p o r t i o n a l  to h~.  bilE, f o r  any i n d e x .  

Key  w o r d s :  S e l e c t i o n  Index  - H e r i t a b i l i t y  

I n t r o d u c t i o n  

S m i t h  (1936)  a p p l i e d  F i s h e r ' s  c o n c e p t  of the  d i s c r i -  

m i n a n t  f unc t i on  (1936)  to d e v e l o p  an i ndex  p r o c e d u r e  

f o r  t h e  s e l e c t i o n  of  p lan t  l i n e s .  H a z e l  (1943)  e x t e n d e d  

the  i n d e x  p r o c e d u r e  f o r  the  s e l e c t i o n  of  i n d i v i d u a l s  in 

a n i m a l  p o p u l a t i o n s  by de f in ing  an a g g r e g a t e  g e n o t y p e  

a s  a l i n e a r  c o m b i n a t i o n  of  g e n e t i c  v a l u e s ,  e a c h  w e i g h t -  

ed  by the  r e l a t i v e  e c o n o m i c  v a l u e s .  The s e l e c t i o n  i n -  

dex  h a s  b e e n  w i d e l y  a d v o c a t e d  f o r  i m p r o v e m e n t  in one  

o r  a s e r i e s  of  q u a n t i t a t i v e  t r a i t s .  The s q u a r e d  c o r r e l a -  

t ion  b e t w e e n  the  s e l e c t i o n  i ndex  and the  a g g r e g a t e  g e n -  

o t y p e  h a s  b e e n  i n t e r p r e t e d  by s o m e  r e s e a r c h e r s  a s  the  

h e r i t a b i l i t y  of  t he  i n d e x .  The p u r p o s e s  of  t h i s  no te  a r e  

to d e f i n e  the  h e r i t a b i l i t y  of  an i n d e x ,  h I ,  i . e .  a l i n e a r  

c o m b i n a t i o n  of  p h e n o t y p e s  and to s h o w  the  r e l a t i o n s h i p  

2 and 2 b e t w e e n  h I , b H I  r H i  o 

S e l e c t i o n  Index  Theory 

S e l e c t i o n  i ndex  t h e o r y  i s  b r i e f l y  o u t l i n e d  w h e r e  the  r e -  

s u l t i n g  i n d e x  and a g g r e g a t e  g e n o t y p e  ( o r  ne t  m e r i t )  

a r e  d e f i n e d  a s  f o l l o w s :  

m 

I n d e x :  I = Z biPi = p ' b  

i = l  

* A p p r o v e d  f o r  p u b l i c a t i o n  a s  J o u r n a l  A r t i c l e  No .  
183-76 of  the  Ohio A g r i c u l t u r a l  R e s e a r c h  and D e -  
v e l o p m e n t  C e n t e r ,  W o o s t e r ,  Ohio 44691.  

n 

A g g r e g a t e  g e n o t y p i c  v a l u e :  H = S a ig i  = g'a_ 

i = l  

w h e r e  p '  = ( p l , P 2  . . . .  p m  ) = 

g '  : ( g l , g 2  . . . .  gn ) : 

a__~.' = ( a l , a  2 . . . .  a n ) : 

b....~' = ( b l , b  2 . . . .  b m ) 

a r o w  v e c t o r  ( the  t r a n s -  
of  c o l u m n  v e c t o r  p )  p o s e  

of  m known p h e n o t y p i c  
values, 

a row vector of n un- 
known genetic effects, 

a row vector of n known 
relative economic val- 
ues, 

a row vector of m in- 
dex coefficients to be 
calculated. 

E q u a t i o n s  f o r  b,  which  a r i s e  f r o m  m a x i m i z i n g  the  c o i  

r e l a t i o n  b e t w e e n  H and I,  a r e  g i v e n  by H e n d e r s o n  

(1963)  as 

- I  G b=P a, 

w h e r e  P i s  t he  p h e n o t y p i c  v a r i a n c e - c o v a r i a n c e  m a -  

t r i x  (m  • m)  and G i s  t he  g e n e t i c  c o v a r i a n c e  m a t r i x  

(m  • n ) .  The fo l l owing  e q u a l i t i e s  e x i s t :  

2 
~HI = b 'Ga  -- b ' P b  -- r ' 

bHI 2 1 = OHi /a i  = , 

and rHi  = a H i / a H Z  I = z i / z  H . 



2 T h e o r .  App l .  G e n e t .  51 (1977)  

H e r i t a b i l i t y  of  S ing l e  T r a i t  in R e l a t i o n  to the  

H e r i t a b i l i t y  of  an Index  

A usua l  m o d e l  f o r  p a r t i t i o n i n g  the  p h e n o t y p i c  v a l u e  f o r  

a s i n g l e  t r a i t  (p) on an a n i m a l  into a d d i t v e  g e n e t i c  e f -  

f e c t s  (g)  and r e s i d u a l  e f f e c t s  ( e )  i s  

p : ~ + g + e  

w h e r e  E ( g )  = E ( e )  = E ( g e )  = 0 ,  ~ i s  c o m m o n  m e a n ,  

and v a r i a n c e  of  p in the  popu la t i on  i s  

2 2 2 
C" -= O- + (Y 

p g e 

H e r i t a b i l i t y  of  one  t r a i t ,  in the  n a r r o w  s e n s e ,  m a y  be  

d e f i n e d  a s  the  r e g r e s s i o n  of  g on p and g i v e n  a s  

2 

h2= _~ 
2 " 

P 

Under this model the regression of g on p is equal 

to the squared correlation, 

~12 2 ( agp)  2 (v  o" 
2 _ _ g .  

r g p  ag C~p P 

H e r i t a b i l i t y  of  an i n d e x  m a y  be  d e f i n e d  f r o m  a m o -  

del  w h e r e  e a c h  p h e n o t y p e  in a l i n e a r  c o m b i n a t i o n  of  

p h e n o t y p e s  i s  p a r t i t i o n e d  as  f o r  a s i n g l e  t r a i t :  

m m 

I = Z b i P i = ~ - ~ b i ( ~  + g i + e  i)  

i i 

= ~ +  g*~  + e ~ , 

w h e r e  ~ =  ~ b i ~  i ,  g ~ = ~ b i g  i ,  and  e ~ = ~ . b i e  i . w h e n  
i 1 1 

e ~ i s  u n c o r r e l a t e d  with  g~,  the  v a r i a n c e  of  I i s  vi  2 = 
2 2 

( ~ g ~  + ( ~ e ~ .  

The s u b s c r i p t s  i = 1 , . . . , m  deno te  the  t r a i t s  i n -  

c l u d e d  in t he  i ndex ,  I .  The c o n c e p t  of  a g e n t i c  i ndex  

i s  i n t r o d u c e d  and d e f i n e d  a s  the  l i n e a r  c o m b i n a t i o n  

of  the  g e n e t i c  c o m p o n e n t  of  e a c h  pheno type  we igh t ed  by 

the  r e s p e c t i v e  i n d e x  c o e f f i c i e n t s  ( b i ) .  The g e n e t i c  i n -  

dex ,  in c o n t r a s t  wi th  t he  a g g r e g a t e  g e n o t y p e ,  we igh t s  

e a c h  a d d i t i v e  g e n e t i c  v a l u e ,  g i '  With the  c o r r e s p o n d -  

ing  s e l e c t i o n  i n d e x  c o e f f i c i e n t ,  b i ,  r e f l e c t i n g  the  r e l a -  

t i v e  s e l e c t i o n  p r e s s u r e  a p p l i e d  to e a c h  a d d i t i v e  v a l u e  

while in the later the weights reflect relative econom- 

ic values. The variances and covariances obtained 

from the above definitions are 

2 
= b'Gb 

2 
e g e i  = b ' G b  = ~ge ,  

and C~geH = b ' Ga . 

P 
The heritability of the index, hl, when defined as 

the ratio of genetic variance to the total variance of 

the index, is 

h 2 = 2/c2 g~r I = b'Gb/b'Pb. 

The heritability can be calculated from the genetic 

and phenotypic parameters of the phenotypes in the in- 

dex. The genetic index as a generalization of the con- 

cept for the genetic value of one trait appears to be 

reasonable and consistent with the definition for ge- 

netic effects in one trait. When the number of traits 

reduced to one trait, h I - = h 2 for the in the index is 

single trait. 

While it may seem to be a reasonable extension 

from the case of one trait where h 2 = r 2 the herita- gp' 
2 The squared multiple bility for an index is not rill. 

2 
correlation coefficient rill measures the association 

between I and H and is not equal to the ratio of the 

variance of the genetic index to the total variance of 
2 

the index. Use of rill as the heritability of an index 

would be inconsistent with the historical definition 

given by Lush (1945). 

The regression of H on I is equal to unity and is 

fixed as a condition of the development of a selection 

index (Henderson 1963). Setting bHi = I equalizes the 

interpretative value of differences on the index scale 

and on the aggregate genotypic value scale. Heritabili- 

ty for an index makes more sense when it varies as a 

function of genetic parameters. Therefore, it is wrong 

to say heritability of index is unity in terms of regres- 

sion or to say heritability of index is a square of the 

correlation between I and H. 

Expected Gains in H from Selection on I 

The genetic gains in aggregate genotype (H) need to 

be distinguished from gains in the genetic index (g*). 
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When s e l e c t i o n  is  on I, the gene t ic  gain in H is  

/~H = bHi (]'s - T  ) = 1 ( M / v i ) e  I 

= l a  I 

where  T and T a r e  the mean  index va lues  of the pop-  
s 

ulat ion and the s e l e c t e d  indiv iduals ,  r e s p e c t i v e l y ,  and 

is  the s e l e c t i o n  in tens i ty  of the index o r  the s e l e c -  

t ion d i f fe ren t i a l  for  populat ion with v a r i a n c e  equal to 

1. When s e l e c t i o n  is on I, the gene t ic  gain in g* is  

Ag,, = bg,, I~s  - T ) 

= hi 2 i'c~ I . 

T h e r e f o r e ,  the f o r m e r  dea ls  with gene t ic  p r o g r e s s  

in s e l e c t i o n  goal (H) ,  while  the l a t t e r  deals  with g e -  

ne t ic  advance  in the s e l e c t i o n  c r i t e r i o n  ( I ) .  Gene t ic  

advance  in the s e l ec t i on  c r i t e r i o n  is of l i t t l e  s ign i f i -  

cance  in the ana ly s i s  of s e l ec t i on  fo r  gain in H us ing 

the bes t  index.  The topic  is  pu r sued  fo r  the c l a r i f i c a -  

tion of the r e l a t i onsh ip  be tween I, H and g~. Any 

l i n e a r  function of p can be u t i l i zed  as a s e l e c t i o n  c r i -  

t e r i on  without exp l i c i t ly  defining H to deve lop  the in -  

dex .  Ana lys i s  of s e l ec t i on  for  an a r b i t r a r y  index 

would then l ike ly  focus on gain in the gene t ic  bas i s  of 

the s e l ec t i on  c r i t e r i o n .  The c o r r e l a t e d  r e s p o n s e  in H 

in t e r m s  of g~ is  

AH = bHg~(Sg~*) 

= b H g ~ h 2 i a  I �9 

The e x p r e s s i o n  r educes  to ~ ~I when th~ se l ec t i on  

index weights  sa t i s fy  P b  = G_a, which l eads  to OHg* = 
2 

VHI = vI " This f o rmu la t i on  shows that the product  of 

hi2 and brig . is  p ropor t iona l  to the expec ted  change in 

H f r o m  se l ec t i on  on I .  Gains  in H f r o m  a r b i t r a r y  in -  

dexes  a r e  dependent  on nonzero  h 2 and brig . .  
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